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o ply = 1lz) = o(w2), o(a) = 7=

likelihood (Bernoulli)

o p(ylz,w) =p¥(1 —p)' Ywherep = o(w' )

o p(ylz,w) =o(w'z)¥(1 - o(w'z))"?

MLE objective

P: o7 %) = — W%
o maximize likelihood over data |+ e,

o equivalent to minimizing NLL (negative log-likelihood)

NLL = binary cross-entropy
o —logp(y|z,w) = —ylogp — (1 — y) log(1 — p)
o equivalent to Binary Cross Entropy (BCE)
o gradient: V,L(w) = X" (p — v)

e training

o no closed-form solution in general

o optimize with gradient descent or variants (SGD, Adam)

ConveXity aﬁ ‘oml minimuny — dolml Mininmum

e determines whether a problem has a single global minimum
o a property of functions and optimization problems
e intuition

o afunction is convex if the line segment between any two points
lies above the function

o no local minima other than the global minimum

Convex Function

e definition



o afunction f is convex if for all z, y and A € [0, 1]:
= fAz+ (1 =Ny) < Af(z) + (1 =N f(y) denen ineolihy
e geometric interpretation f[@(%)] <E H:(x)]
o bowl-shaped surface
o any descent direction eventually leads to the same minimum

= any local minimum is a global minimum

o gradient descent is guaranteed to converge (with proper step size)
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e Hessian-based Characterization
o for twice-differentiable functions

= fis convex if its Hessian is positive semi-definite

m Hessian = 0 — convex
o intuition
m eigenvalues of the Hessian represent curvature
= all eigenvalues > 0 — no direction curves downward
o example
= inlinear regression loss
= Hessian=2X'TX
.V, L= —%XT(y—Xw)$ \inmlr nakcsvz:m °| OAM@% SZI o
= always positive semi-definite N fineor th/t&ﬂ‘ﬂ ollARt 3ml.’ad“
: , N
e why convexity matte.rs in ML | K|) z Qjc —?('uTN >z
o guarantees a unique global optimum A B Q2 T
o .. U= -y
= avoids issues like local minima, saddle points, etc.
o simplifies optimization and theoretical analysis
e V.S. non-convex problems
o neural networks, matrix factorization, deep generative models, etc.
o does not mean impossible
= but optimization guarantees are weaker

o convex # easy
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m |arge-scale convex problems can still be expensive

Lipschitz Continuity

e a notion of smoothness of a function

o controls how fast a function can change
e definition
o afunction f is Lipschitz continuous if there exists L > 0 such that
- |£(@) - f@)] < Lljz — y]| foraliz,y
e intuition

o the function has a bounded slope

o L is the maximum rate of change

o prevents the function from changing too abruptly

Lipschitz Continuous Gradient (Smoothness) amdw:l BBt bounded

. . . N . o b REA X
e adifferentiable function f has an L-Lipschitz continuous gradient if

o [[Vf(z) - Vi)l < Lz -yl

e interpretation

o the gradient does not change too fast

o the curvature of the function is bounded
e equivalently
o the Hessian eigenvalues are bounded:
n sz(:c) < LI
e Xhy Lipschitz continuity matters in optimization
o guarantees stability of gradient descent
o allows choosing a safe learning rate
m jf gradientis L-Lipschitz:

m stepsizen < % ensures descent



